Abstract. We study the topology of Hamiltonian-minimal Lagrangian submanifolds N in C m constructed from intersections of real quadrics in the work of the first author. We establish the following topological properties of N : every N embeds as a submanifold in the corresponding moment-angle manifold Z, and every N is the total space of two different fibrations, one over the torus T m−n with fibre a real moment-angle manifold R, and another over a quotient of R by a finite group with fibre a torus. These properties are used to produce new examples of Hamiltonian-minimal Lagrangian submanifolds with quite complicated topology.
Introduction
In this paper we study topology of a class of Hamiltonian-minimal (H-minimal) Lagrangian submanifolds in C m obtained from intersections of real quadrics. Let M be a Kähler manifold. A Lagrangian submanifold N ⊂ M is called Hminimal if its volume is critical under Hamiltonian deformations. The simplest example of H-minimal Lagrangian submanifold is the Clifford torus [Oh] S 1 (r 1 ) × · · · × S 1 (r m ) ⊂ C m ,
where S 1 (r k ) ⊂ C is a circle of radius r k . Other H-minimal Lagrangian tori in C 2 were constructed in [CU] , [HR1] , an example of H-minimal Lagrangian Klein bottle was given in [HR2] , and more examples in higher dimensions were obtained in [AC] . In [Mi2] the first author suggested a universal method of constructing H-minimal Lagrangian immersions N C m from intersections of quadrics. By this method one can construct H-minimal Lagrangian immersions in C m of Klein bottle K m , S m−1 × S 1 , K m−1 × S 1 and other manifolds. In this paper we give effective criteria when the mapping N → C m is an embedding (Theorems 4.1 and 4.5). This is done by exploring the link between intersections of quadrics, simple polytopes and moment-angle manifolds, and using the methods of toric topology [BP] , [Pa] . In Proposition 5.1 we show that N can be embedded in the moment-angle manifold and N is the total space of two different fibrations: the first over a torus with fibre the intersection of quadrics, and the second is a principal torus fibration over the intersection of quadrics factorised by
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It is very natural to ask which closed manifolds can be embedded in C m as Lagrangian submanifolds. There are exist various topological restrictions for such embeddings. For example, a manifold M with H 1 (M, R) = 0 cannot be embedded as a Lagrangian submanifold in C m [Gr] . There are no Lagrangian embeddings of an even-dimensional Klein bottle in C 2m [Ne] (for the case m = 1 see also [Sh] ). Our construction gives a large family of Lagrangian submanifolds in C m of quite complicated topology. For example, there is Lagrangian submanifold in C 5 which is the total space of a fibration over T 3 with fibre a surface of genus 5 (see Example 5.9). A modification of the construction of H-minimal Lagrangian submanifolds in C m may be used to produce H-minimal Lagrangian submanifolds in CP m−1 , see [Mi2] . Namely, if N is an H-minimal Lagrangian cone, then by taking the intersection of N with the unit sphere and factorising by the diagonal circle action we obtain an H-minimal Lagrangian submanifold in CP m−1 . Large families of new explicit examples may be given by this procedure. These include H-minimal Lagrangian immersions of tori in CP 2 and CP 3 , described in [Mi1] , [MZ] , [Ma] . For more projective examples see [CLU] , [CG] and [HK] . Let us mention that, like in the case of C m , there are topological restrictions for Lagrangian embeddings in CP m−1 (see for example [Bi] , [Se] ).
According to the result of [Oh] , the Clifford torus is Hamiltonian-stable as an H-minimal Lagrangian submanifold in C m . Other examples of Hamiltonian-stable submanifolds can be found in [AO1] , [AO2] . It would be interesting to analyse the Hamiltonian stability of the H-minimal submanifolds N considered here.
We use the following notation throughout the paper:
• Z m , R m , C m : the standard integer lattice of rank m, the standard real and complex vector space respectively; • T m = (e 2πiχ1 , . . . , e 2πiχm ) ∈ C m , where (χ 1 , . . . , χ m ) ∈ R m : the standard m-torus;
• [m] = {1, . . . , m}: the standard ordered set of m elements;
the set of zero coordinates of u , and similarly for I z ; • Z a 1 , . . . , a k : the set integer linear combinations of vectors a 1 , . . . , a k ; • σ a 1 , . . . , a k : the cone (the set of nonnegative R-linear combinations) generated by vectors a 1 , . . . ,
. . , y m ) ∈ R m : y i 0 for all i}: the standard positive cone (orthant), the cone generated by the standard basis. The authors are grateful to Stefan Nemirovski for stimulating discussions of known examples of Lagrangian submanifolds, as well as Lagrangian nonembedability results.
Intersections of quadrics
Given a set of m vectors
and a vector c = (c 1 , . . . , c m−n ) t ∈ R m−n , we consider the following subsets in R m and C m respectively, defined as intersections of m − n real quadrics:
We consider these intersections of quadrics up to linear equivalence, which corresponds to applying a nondegenerate linear transformation of R m−n to Γ and c. Obviously, such a linear equivalence does not change the sets R Γ and Z Γ .
Given I ⊂ [m], we denote by σ I the cone generated by those γ i with i / ∈ I:
A version of the following proposition appeared in [Lo] , and its proof is a modification of the argument in [BM, Lemma 0.3 
]:
Proposition 2.1. Intersections of quadrics (2.1) and (2.2) are nonempty and nondegenerate if and only if the following two conditions are satisfied:
(a) c ∈ σ γ 1 , . . . , γ m ;
Under these conditions, R Γ and Z Γ are smooth submanifolds in R m and C m of dimension n and m + n respectively, and the vectors γ 1 , . . . , γ m span R m−n .
Proof. We give a proof for the case of R Γ ; the case of Z Γ is treated similarly. First assume that (a) and (b) are satisfied. Then (a) implies that R Γ = ∅. Let u ∈ R Γ . Then the rank of the matrix of gradients of (2.1) at u equals to
We have c ∈ σ Iu = σ γ k : k / ∈ I u . By the Carathéodory theorem, c is in a cone generated by some m − n of those vectors, that is, c ∈ σ γ k1 , . . . , γ km−n , where k i / ∈ I u for i = 1, . . . , m − n. Moreover, the vectors γ k1 , . . . , γ km−n are linearly independent (otherwise, again by the Carathéodory theorem, we get a contradiction with (b)). This implies that the m − n gradients of (2.1) are linearly independent at u, and therefore R Γ is smooth n-dimensional.
To prove the other implication we observe that if (b) fails, that is, c is in the cone generated by some m − n − 1 vectors of γ 1 , . . . , γ m , then there is a point u ∈ R Γ with at least n + 1 zero coordinates. The gradients of (2.1) cannot be linearly independent at such u .
The torus
From now on we assume that the conditions of Proposition 2.1 are satisfied. Moreover, we assume that (c) the vectors γ 1 , . . . , γ m generate a lattice L in R m−n .
Obviously, conditions (a)-(c) are invariant under linear equivalence. The lattice L has full rank by Proposition 2.1, that is, L ∼ = Z m−n . In fact, by changing Γ in its linear equivalence class if necessary, we may assume that L is the standard lattice
, define the sublattice
The vectors γ i define an (m − n)-dimensional torus subgroup in T m whose lattice of characters is L:
where ϕ ∈ R m−n . We shall also represent the elements of T Γ by ϕ ∈ R m−n occasionally, noting that T Γ is identified with the quotient R m−n /L * . We define
Note that D Γ embeds canonically as a subgroup in T Γ .
The following lemma is proved by the same argument as Proposition 2.1.
The same is true for every u ∈ R Γ .
Recall that an action of a group G on a space X is almost free if all isotropy subgroups are finite.
Proof. An element (e 2πi γ1,ϕ , . . . , e 2πi γm,ϕ ) ∈ T Γ fixes the given z ∈ Z Γ whenever e 2πi γ k ,ϕ = 1 for every k / ∈ I z . The latter condition is equivalent to
* . This group is finite by Lemma 2.2.
Lagrangian immersions
Here we review briefly the construction of [Mi2] , giving an H-minimal Lagrangian immersion in C m for every nondegenerate intersection of quadrics R Γ satisfying conditions (a)-(c) of the previous section.
Let M be a symplectic manifold of dimension 2n with a symplectic form ω.
Assume We endow C m with the standard Hermitian metric m k=1 dz k ⊗ dz k . Its real part is the standard Riemannian metric, and the imaginary part is the standard symplectic form
Now, returning to the notation of the previous section, we consider the map
this action is free since it is free on the second factor. The quotient,
is an m-dimensional manifold.
Hence, the map j is constant on D Γ -orbits, and therefore induces a map of the quotient
Since D Γ is a finite group, i Γ is an immersion if and only if j is an immersion.
Since both u k and u
The latter is a finite group by Lemma 2.2, which implies that j is an immersion, proving (1).
Hence, (u , ϕ) and (u ′ , ϕ ′ ) represent the same point in N Γ , and i Γ is an embedding.
Minimal immersions corresponding to one quadric were considered before in [Jo] .
Lagrangian embeddings and moment-angle manifolds
We start by summarising the observations of the previous sections in the following criterion for N Γ to be embeddable as a Lagrangian submanifold in C m .
Theorem 4.1. The following conditions are equivalent:
Proof. Equivalence (1) ⇔ (2) follows from Lemma 3.1 and Theorem 3.2. Equivalence (2) ⇔ (3) follows from Proposition 2.3.
This result opens a way to construct explicitly new families of H-minimal Lagrangian submanifolds, once we have an effective method to produce nondegenerate intersections of quadrics R Γ satisfying conditions (2) or (3) of Theorem 4.1. Toric topology provides such a method, which we describe below following [BM] and [Pa] .
The quotient of R Γ by the action of (Z/2) m (or the quotient of Z Γ by the action of T m ) is identified with the set of nonnegative solutions of the following system of m − n linear equations:
This set may be described as a convex polyhedron obtained by intersecting m halfspaces in R n :
where (b 1 , . . . , b m ) is any solution of (4.1) and the vectors a 1 , . . . , a m ∈ R n form the transpose of a basis of solutions of the homogeneous system m k=1 γ k y k = 0. We note that P may be unbounded; in fact P is bounded if and only if R Γ is bounded (compact). Bounded polyhedra are known as polytopes.
Proposition 4.2. The intersection of quadrics R Γ is bounded if and only if it can be taken by a linear equivalence to the following form: m is nonempty and bounded, that is, c 1 > 0 and γ 1k > 0 for all k. Now subtracting the first equation from the other equations in (4.1) with appropriate coefficients we achieve that c j = 0 for 2 j m − n.
We refer to (4.2) as a presentation of the polyhedron P by inequalities. These inequalities contain slightly more information than the geometric set P , because of the following reason. It may happen that some of the inequalities a i , x + b i 0 may be removed from the presentation without changing the set P ; we refer to such inequalities as redundant. A presentation without redundant inequalities is irredundant. Every polyhedron has a unique irredundant presentation; however, in order to cover all nondegenerate intersections of quadrics R Γ we need to consider redundant presentations as well.
A presentation (4.2) is said to be generic if P is n-dimensional, has at least one vertex, and the hyperplanes defined by the equations a i , x + b i = 0 are in general position at every point of P . If P is a polytope, then the existence of a generic presentation implies that P is simple, that is, exactly n facets meet at every vertex of P . A generic presentation may contain redundant inequalities, but for every such inequality the intersection of the corresponding hyperplane with P is empty (that is, the inequality is strict for every x ∈ P ). Theorem 4.3 (see [BM, Lemma 0.12] or [PU, Th. 4.3] ). Intersections of quadrics (2.1) and (2.2) are nondegenerate and nonempty if and only if presentation (4.2) is generic.
Conversely, given a generic presentation (4.2) of a polyhedron P , we may reconstruct the intersections of quadrics R Γ and Z Γ as follows.
Construction 4.4 (moment-angle manifold [BP, §6.1] ). Let A P be the m × n matrix of row vectors a i and b P be the column vector of scalars b i ∈ R n . Consider the affine map
It is monomorphic onto a certain n-dimensional plane in R m (because P has a vertex), and i P (P ) is the intersection of this plane with R m . We define the space Z P from the commutative diagram (4.4)
. The latter map may be thought of as the quotient map for the coordinatewise action of the standard torus T m on C m . Therefore, T m acts on Z P with quotient P , and i Z is a T m -equivariant embedding. If (4.2) is generic, then Z P is a smooth manifold of dimension m + n, known as the (polyhedral) moment-angle manifold corresponding to P . Now we can write the n-dimensional plane i P (R n ) by m − n linear equations in R m as in (4.1). Replacing each y k by |z k | 2 we obtain a presentation of the moment-angle manifold Z P as an intersection of quadrics (2.2).
If we replace C m by R m in (4.4), then we obtain the real moment-angle manifold R P . It can be written as an intersection of quadrics (2.1).
It is clear from the constructions above that γ 1 , . . . , γ m generate a lattice L in R m−n if and only if the vectors a 1 , . . . , a m in (4.2) generate a lattice Λ in R n . We refer to such polyhedrons P as rational. If P is rational, then the map A P from Construction 4.4 restricts to a map of lattices (4.5)
which we continue denoting A P . Its conjugate gives rise to a map of tori R m /Z m → R n /Λ, whose kernel we denote by T P . It becomes T Γ under the identification of Z P with Z Γ . The group D P ∼ = (Z/2) m−n is also defined. Using R P , T P and D P we may define the m-dimensional manifold N P as described in Section 3.
The manifolds R P , Z P , N P therefore represent the same geometric objects as R Γ , Z Γ , N Γ , although a different initial data is used in their definition. From now on, we shall use subscripts P or Γ in the notation when it is necessary to emphasise the polyhedral or quadrics origin. In other occasions we shall use the simplified notation R, Z, N .
We can finally restate the embedding conditions of Theorem 4.1 in terms of P . A polyhedron (4.2) is called Delzant if it is rational and for every x ∈ P the vectors a j1 , . . . , a j k constitute a part of a basis of Λ = Z a 1 , . . . , a m whenever a j l , x + b j l = 0 for l = 1, . . . , k. (It is enough to verify this condition for vertices x ∈ P only, in which case the corresponding n-tuple a j1 , . . . , a jn must constitute a basis of Λ.) The name refers to a construction [De] of Hamiltonian toric manifolds.
Theorem 4.5. The map N P = R P × DP T P → C m is an embedding if and only if P is a Delzant polyhedron.
Proof. Take u ∈ R P . It projects onto x ∈ P , where a i , x + b i = u 2 i for 1 i m. Suppose that exactly k of the latter numbers vanish, i.e. I u has cardinality k. Let ι : Z m−k → Z m be the inclusion of the coordinate sublattice {y ∈ Z m : y i = 0 for i ∈ I u }, and let κ : Z m → Z k be the corresponding quotient projection. Consider the diagram 0
in which the vertical and horizontal sequences are exact, A P is given by (4.5), and Γ takes the kth basis element of Z m to γ k . Then the Delzant condition is equivalent to that the composition κ · A P is onto, while the second condition of Theorem 4.1 is that Γ · ι is onto. A simple diagram chase (see also [Pa, Th. I.2] ) shows that these two conditions are equivalent.
Toric topology provides large families of explicitly constructed Delzant polytopes. Basic examples include simplices and cubes in all dimensions. It is easy to see that the Delzant condition is preserved under several operations on polytopes, such as taking products or cutting vertices of faces by well chosen hyperplanes. This is sufficient to show that many important families of polytopes, such as associahedra (Stasheff polytopes), permutahedra, and general nestohedra admit Delzant realisations (see [Bu] and [Po] ).
Topology of Lagrangian submanifolds N
In the previous section we gave a construction of an H-minimal Lagrangian submanifold in C m from any Delzant polytope P . The moment-angle manifolds Z P and R P , appearing as intermediate objects in this construction, are known to be very complicated topologically, see [BP] and [Pa] . Therefore, there is no hope for a reasonable topological classification of Lagrangian submanifolds obtained by our construction. However, in some cases topology of N may be described quite explicitly, providing new examples of H-minimal Lagrangian submanifolds.
We start by reviewing three simple properties linking the topological structure of N to that of Z and R.
Proposition 5.1.
(a) The immersion of N in C m factors as N Z ֒→ C m ; (b) N is the total space of a bundle over a torus T m−n with fibre R; (c) if N → C m is an embedding, then N is the total space of a principal T m−nbundle over the n-dimensional manifold R/D P .
Proof. Statement (a) is clear. Since D P acts freely on T P , the projection N = R× DP T P → T P /D P onto the second factor is a fibre bundle with fibre R. Then (b) follows from the fact that
If N → C m is an embedding, then T P acts freely on Z by Theorem 4.1. Then the action of D P on R is also free. Therefore, the projection N = R × DP T P → R/D P onto the first factor is a principal T P -bundle, which proves (c).
Remark. The quotient R P /D P is the real toric variety, or small cover corresponding to the Delzant polytope P . These manifolds are almost as well-studied as nonsingular toric varieties, see [DJ] and [BP] .
Example 5.2 (one quadric). Let m−n = 1, that is, R is given by a single equation
, and the corresponding polytope P is an n-dimensional simplex ∆ n . Then N ∼ = S m−1 × Z/2 S 1 , where the generator of Z/2 acts by the standard free involution on S 1 , and by a certain involution τ on S n−1 . The topological type of N depends on τ . Namely,
where K m is an m-dimensional Klein bottle.
Proposition 5.3. In the case m − n = 1 (one quadric) we obtain an H-minimal Lagrangian embedding of N ∼ = S n−1 × Z/2 S 1 in C m if and only if γ 1 = . . . = γ m in (5.1). In this case the topological type of N = N (m) depends only on the parity of m, and is given by
Proof. Since I u may consist of a single element, Theorem 4.1 implies that N embeds in C m if only if γ i generates the same lattice as the whole set γ 1 , . . . , γ m , for all i. Therefore, γ 1 = . . . = γ m . In this case D Γ ∼ = Z/2 acts by the standard antipodal involution on S m−1 , which preserves the orientation if m is even, and reverses the orientation otherwise.
Both examples of H-minimal Lagrangian embeddings given by Proposition 5.3 are well known. In fact, S m−1 × S 1 admits a Lagrangian embedding in C m for odd m (see [Ne] ), but we do not know if it can be made H-minimal. The Klein bottle K m with even m does not admit Lagrangian embeddings in C m (see [Ne] and [Sh] ).
Example 5.4 (two quadrics). In the case m − n = 2, we may describe the topology of R and N completely by analysing the canonical form of R given by (4.3) and the action of two commuting involutions on it. First, using Proposition 4.3, we write R in the form Proposition 5.5. There is a number p, 0 < p < m, such that γ 2i > 0 for i = 1, . . . , p and γ 2i < 0 for i = p + 1, . . . , m in (5.2), after possible reordering of the coordinates u 1 , . . . , u m . The manifold R = R(p, q), where q = m − p, is diffeomorphic to S p−1 × S q−1 . Its quotient polytope P is either ∆ m−2 (if one of the inequalities in (4.2) is redundant), or combinatorially equivalent to the product ∆ p−1 × ∆ q−1 (if there are no redundant inequalities).
Proof. We observe that γ 2i = 0 for all i in (5.2), as γ 2i = 0 implies that c is in the cone generated by one vector γ i , which contradicts Proposition 2.1 (b). By reordering the coordinates we may achieve that the first p of γ 2i are positive, and the rest are negative. Then 1 < p < m, as otherwise (5.2) is empty. Now, (5.2) is the intersection of the cone over a product of two ellipsoids of dimensions p − 1 and q − 1 (given by the second quadric) with an (m − 1)-dimensional ellipsoid (given by the first quadric). Therefore, R(p, q) ∼ = S p−1 × S p−1 . The statement about the polytope follows from the combinatorial fact that a simple n-polytope with up to n + 2 facets is combinatorially equivalent to a product of simplices (see, e.g. [Pa, Ex. I.8] ; the case of one redundant inequality corresponds to p = 1 or q = 1).
Now consider the action of
where
Lemma 5.6. Suppose that D Γ acts on R(p, q) freely and ε i (ϕ) = 1 for some
Proof. Assume the opposite, that is, ε i (ϕ) = 1 for some 1 i p and ε j (ϕ) = 1 for some p + 1 j m. We may choose u ∈ R(p, q) whose only nonzero coordinates are u i and u j , see (5.2). Then ϕ fixes this u, leading to contradiction.
Lemma 5.7. Suppose that D Γ acts on R(p, q) freely. Then we may choose a basis ϕ 1 , ϕ 2 ∈ D Γ (so that D Γ = {0, ϕ 1 , ϕ 2 , ϕ 1 + ϕ 2 }) whose action on R is described by either (1) or (2) below, after possible reordering of coordinates:
(1)
where 0 k p and 0 l q.
Proof. By Lemma 5.6, for each of the three nonzero elements ϕ ∈ D Γ we have either ε i (ϕ) = −1 for 1 i p, or ε i (ϕ) = −1 for p + 1 i m. Therefore, we may choose two different nonzero elements ϕ 1 , ϕ 2 ∈ D Γ such that either ε i (ϕ j ) = −1 for j = 1, 2 and p + 1 i m, or ε i (ϕ j ) = −1 for j = 1, 2 and 1 i p. This corresponds to the cases (1) and (2) above, respectively. In the former case, after reordering the coordinates we may assume that ϕ 1 acts as in (1). Then ϕ 2 also acts as in (1), since otherwise the sum ϕ 1 + ϕ 2 cannot act freely by Lemma 5.6. The second case is treated similarly.
Every action of D Γ described in Lemma 5.7 can be realised by a particular intersection of quadrics (5.2). For example, 
We denote the manifold N Γ corresponding to (5.4) by N k (p, q). We have that
and the action of the two involutions on S p−1 × S q−1 is given by ψ 1 , ψ 2 above. Note that ψ 1 does not act on S q−1 and acts antipodally on S p−1 . Therefore,
where N (p) is the manifold from Proposition 5.3. If k = 0 then the second involution ψ 2 does not act on N (p) and we obtain N 0 (p, q) = N (p) × N (q), the product of two manifolds from Example 5.2. In general, the projection
as the total space of a fibration over N (q) with fibre N (p).
We summarise the above facts and observations in the following topological classification result for compact H-minimal Lagrangian submanifolds N ⊂ C m obtained from intersections of two quadrics.
Theorem 5.8. Suppose that m − n = 2 (two quadrics) and N Γ → C m is an embedding of the corresponding H-minimal Lagrangian submanifold. Then N Γ is diffeomorphic to some N k (p, q) given by (5.6), where p + q = m, 0 < p < m and 0 k p. Moreover, every such triple (k, p, q) can be realised by N Γ .
In the case of up to two quadrics considered above, the topology of R Γ is relatively simple, and in order to analyse the topology of N Γ one only needs to describe the action of involutions on R Γ . When the number of quadrics is more than two, the topology of R Γ becomes an issue as well.
Example 5.9 (three quadrics). In the case m − n = 3 the topology of compact manifolds R and Z was fully described in [Lo, Th. 2] . Each manifold is diffeomorphic to a product of three spheres, or to a connected sum of products of spheres, with two spheres in each product.
Note that for m − n = 3 the manifolds R P (or Z P ) can be distinguished topologically by looking at the Gale diagrams of the corresponding simple polytopes P , which are planar in this case (see [BM] or [Pa] for the details). This chimes with the classification of n-dimensional simple polytopes with n + 3 facets, well-known in combinatorial geometry.
The simplest nontrivial example with m − n = 3 is a pentagon. It has many Delzant realisations, for instance, In this case R P is an oriented surface of genus 5 (a simple combinatorial argument for this may be found in [BP, Ex. 6 .40]), and Z P is diffeomorphic to a connected sum of 5 copies of S 3 × S 4 . We therefore obtain an H-minimal Lagrangian submanifold N P ⊂ C 5 which is the total space of a bundle over T 3 with fibre a surface of genus 5.
More generally, manifolds R P corresponding to polygons are described as follows.
Proposition 5.10 ( [BP, Ex. 6.40] ). Assume that n = 2 in (2.1) and the 2-dimensional polytope P corresponding to R is an m-gon, i.e. there are no redundant inequalities in (4.2). Then R is an orientable surface S g of genus g = 1 + 2 m−3 (m − 4).
The manifold Z P corresponding to a polygon is a complicated connected sum of sphere products [BM, Th. 6.3] .
In general, if n = 2 in (2.1), then P is an (m − k)-gon, where k is the number of redundant inequalities in (4.2). In this case R ∼ = R ′ × (S 0 ) k , where R ′ corresponds to an (m − k)-gon without redundant inequalities. That is, R is a disjoint union of For n > 2 and m − n > 3 the topology of R and Z is even more complicated, see [BP] , [GL] and [Pa, §III.2] for more results in this direction.
